The presen paper is devoted to the analysis of parametrical lattice Boltzmann equations. The expression for apparent viscosity is obtained by application of Chapman -Enskog multiscale asymptotic expansions. It is demonstrated that fictitious numerical viscosity is included in the expression for apparent viscosity. Necessary stability conditions in form of inequalities on the parameters are formulated from the condition of viscosity non-negativity.
Introduction
In last three decades lattice Boltzmann method (LBM) has established itself as a powerful method for gas and fluid dynamics modelling [1] , [2] , [5] . In many works the method is based on the application of explicit lattice Boltzmann equation (LBE). In [1] LBE's with the dependence on scalar dimensionless parameter are proposed. These equations formed a nonlinear system of implicit finite-difference equations. For the application of proposed equations to fluid dynamics modelling, the expression for the dependence of apparent viscosity on lattice steps and parameters must be obtained. It must be noted that by usage of the expression for apparent viscosity the necessary stability conditions of the equations may be formulated.
The present paper is dedicated to the obtaining of the expression for apparent viscosity of parametrical LBE's by application of Chapman -Enskog method.
The paper is organized as follows. In Section 2 parametrical LBE's are introduced. In Section 3 the expression for apparent viscosity is obtained by Chapman -Enskog method. In Section 4 necessary stability conditions are formulated. Some concluding remarks are made in Section 5.
Parametrical LBE's
Discrete Bhatnagar -Gross -Krook equations in integral form are written as:
where t is the time, r is a vector of space variables, f i = f i (t, r) are the distribution functions of the particles with velocities V i = V e i , where e i are the dimensionless vectors, V = l/δt, where δt is a mean free time, l is a mean free path, f (eq) i are the equilibrium distribution functions, λ is a relaxation time.
In this paper the case of 2D flows is considered. In this case D2Q9 lattice can be considered: e 1 = (0, 0), e 2 = (1, 0), e 3 = (0, 1), e 4 = (−1, 0), e 5 = (0, −1), e 6 = (1, 1), e 7 = (−1, 1), e 8 = (−1, −1), e 9 = (1, −1).
System (1) may be rewritten in following form:
where σ ∈ [0, 1] is a dimensionless parameter. Parametrical LBE's are obtained from system (2) by application of simple quadrature formulas of first and second orders to integral terms in right side of (2) . The system of parametrical LBE's can be presented in following form:
where A = A(σ), B = B(σ).
In [1] the following six systems of parametrical LBE's are obtained: 1) system 1:
It must be noted, that the LBE's of second order may be obtained from all systems at one value of parameter σ [1].
Expression for apparent viscosity
The expression for apparent viscosity may be obtained by the procedure of the Chapman -Enskog multiscale expansion [5] . The method is based on the asymptotic expansion on Knudsen number ε = l/L, where L is a typical length of the flow considered.
For the convenience of all further considerations, the following notations are made:
, so by application of Taylor formulae the following expression may be written:
where the Einstein summation rule on α is applied. The Chapman -Enskog asymptotic expansion for f i is written as:
where
satisfy the following properties:
The multiscale expansions for time and space derivatives are represented as [4] , [5] :
where t 1 , t 2 , x 11 , x 12 are the new variables. After substitution of (5) and (8) into (4) up to the terms of orders o(ε 2 ) and o(δt 2 ) the following formulae is obtained:
After substitution of (5) and (9) into (3), the differential approximation of (3) is obtained:
After the evaluation of terms on first and second degrees of ε in left and right parts of (10), the following equations for f 
It must be noted that:
Due to (11) the following formulae may be obtained from (13):
After the substitution of (14) into (12), the following equations for f (2) i are obtained:
By application of (11) and (15), the hydrodynamical equations for macrovariables may be obtained. After the summation of (11) and (15) on i and using the formulas for macrovariables, such as density ρ(t, r) and velocity u(t, r):
and formulas (5)- (7) the following equations are obtained:
After the multiplication of (17) on ε, and of (18) on ε 2 and after the application of (8) the following equation is obtained:
As it can be seen, eq. (19) is a differential mass conservation equation. In case of incompressible fluid ρ ≈ const, so (19) is rewritten as:
After the multiplication of (11) on V iα and summation on i, the following equation is obtained:
αβ may be represented as:
where δ αβ is a Kronecker symbol. So Π
αβ are the components of momentum flux tensor [3] .
After multiplication of (15) on V iα and summation on i, the following equation is obtained according to (7):
where Π
(1)
In case of low Mach number and D2Q9 lattice the following expression take place [4] :
By multiplication of (21) on ε and (23) on ε 2 and summation on i, the following formulae is obtained in incompressible case:
Differential equations of momentum conservation for viscous incompressible fluid may be obtained from (25). Only the case of α = 1 may be considered. Let us rewrite (25) in this case:
The sum from left part of (26) may be presented as:
According to (20) the first term in right part of (27) is equal to zero. The sum from right part of (26) according to (20) and (24) may be rewritten as:
According to (27) and (28), (26) is rewritten as:
As it can be seen, (29) is a Navier-Stokes equation for viscous incompressible fluid for the velocity component u x . Equation for u y may be obtained by the same way. The expression for apparent viscosity is obtained from (29) and is written as:
The formulae for physical viscosity ν for the case of Bhatnagar -Gross -Krook equations for D2Q9 lattice is written as [4] :
As it can be seen, in (30) fictitious term τ l 2 (A − B)/(6δt) take place. This term is called numerical viscosity and existence of such term should be considered in LBM simulations based on parametrical LBE's (3). Formulae (31) may be recovered from (30) at the case of A = B, this case corresponds to the LBE of second order.
Stability conditions
Solutions of Navier -Stokes system are stable only in the case of ν ≥ 0, so stability conditions for parametrical LBE's (3) may be obtained from these condition. The results of the analysis of (30) may be formulated in following theorem:
Theorem 4.1 Let system (3) is stable on initial conditions. So the following conditions on τ and σ are realized: 1) For the system 1:
2) For the system 2:
3) For the system 3: σ ≥ −2τ.
4)
For the system 4: σ ≤ 2τ.
5) For the system 5: σ ≤ 1 + 2τ.
6) For the system 6: σ ≥ 1 − 2τ.
Conclusion
The paper is devoted to the analysis of parametrical LBE's. The expression for apparent viscosity is obtained by application of Chapman -Enskog multiscale asymptotic expansions. It is demonstrated, that fictitious numerical viscosity is included in the expression for apparent viscosity. Necessary stability conditions in form of inequalities on the parameters are formulated from the condition of viscosity non-negativity.
